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Dimensional reductions of type II theories can lead to N = 2 supergravities in four di-

mensions. The basic well-known realization consists of compactifications on Calabi-Yau

three-folds with no fluxes, in which case the N = 2 effective action is ungauged, and

contains hyper- and vector-multiplets, in addition to the gravitational one [fl, f. The in-
troduction of NS and RR fluxes in the higher dimensional background is described by a



deformation of this four dimensional theory in which some specific isometries of the hyper-
scalar quaternionic manifold are gauged! [J—[I(]. A consistent formulation in the presence
of a complete set of RR fluxes requires the introduction of massive tensor multiplets [J].

Four dimensional theories with more complex gaugings can be derived extending the
class of internal geometries beyond the Calabi-Yau domain. In recent years considerable
efforts have been directed to the study of compactifications on manifolds with SU(3) struc-
ture (with restriction to N = 2 reductions of type II, see [[]-[[9]). This class of manifolds
shares with the Calabi-Yau the existence of a globally defined and nowhere vanishing
spinor, but is more general since such spinor needs not being covariantly constant in the
Levi-Civita connection. A further motivation to study SU(3) structure manifolds is that
they arise as mirror-symmetric duals of Calabi-Yau backgrounds with NS fluxes [L1]].

However, manifolds with strictly SU(3) structure are not the only candidates po-
tentially leading to N = 2 in four dimensions. Indeed, if a globally defined internal
spinor 7 is clearly needed in order to decompose the two type Il susy parameters un-
der Spin(9,1) — Spin(3,1) x Spin(6) and preserve eight supercharges in 4d, there is also
the possibility to employ a pair of internal spinors ! and n? in this decomposition: one
for each of the ten dimensional susy parameters. The topological requirement associated
with this situation is then that the internal space admit a pair of SU(3) structures, which
may coincide or not.

A crucial point is that these two SU(3) structures can be conveniently described in
the unifying picture of Hitchin’s generalized geometry [R{, R|], which studies mathematical
structures defined on the sum T @ T* of the tangent and cotangent bundle of a manifold.
More specifically, the existence of the two SU(3) structures is equivalent to a reduction of
the structure group of TMg @ T* Mg to SU(3) x SU(3). Motivated by the above consid-
erations, we are then led to take this topological fact as a necessary condition for com-
pactifications of type II supergravity to yield an N = 2 effective action in 4d [[5, P3]. An
appealing approach to the study of general N = 2 compactifications seems then to assume
the existence of an SU(3) x SU(3) structure as a starting point and then to apply the tools
of generalized geometry to study the dimensional reduction.?

The study of SU(3) x SU(3) structure compactifications preserving eight supercharges
was started in [[LJ] and pursued in [RF]. In these papers some relevant terms of the N = 2
action were obtained. In particular, using Hitchin’s results [R0] about the special Kihler
geometry on the deformation space of generalized structures, [LF] studied the SU(3) struc-
ture deformations, matching them with the internal metric and b-field deformations defining
N = 2 scalar kinetic terms. In [BI] we generalized this correspondence to the SU(3) x SU(3)
structure case, also discussing the geometric origin of the period matrices for the N = 2
special Kéahler geometry. Furthermore, via a reduction of the gravitino susy transforma-
tions, [[[4, BJ] derived the N = 2 Killing prepotentials defining the 4d gaugings. These con-
tain both electric and magnetic charges, originating from the NS, RR, geometric (and pos-

' A thorough account on gauged and ungauged 4d N = 2 supergravity can be found in [E] Refs. [@] are
recent reviews on flux compactifications.

2A closely related problem to which generalized geometry has been fruitfully applied is the study of
supersymmetric flux vacua of type II strings, see e.g. @7E]



sibly non-geometric) background fluxes. The magnetic charges are consistently introduced
in a local N = 2 lagrangian as mass terms for antisymmetric rank-2 tensors [§, B3-Bj].

A further result in this context is that the NV = 1 supersymmetry conditions obtained
from the 10d and 4d approaches to type II vacua admitting SU(3) x SU(3) structure were
shown to be equivalent [Bq, BIJ.

From a purely four dimensional supergravity perspective, [B7] constructed an N = 2
lagrangian containing the same set of charges appearing in the Killing prepotentials of [2J].
In particular, a symplectically invariant and mirror symmetric expression for the N = 2
scalar potential was obtained.

Despite these results, a complete derivation of the 4d effective action via the dimen-
sional reduction has not appeared in the literature. The purpose of the present paper is to
fill this gap for what concerns the bosonic sector.

At this point a very important remark is in order: taken alone, the existence of an
SU(3) x SU(3) structure, though necessary, is far from guaranteeing the 4d theory to exhibit
the features of N = 2 supergravity. Indeed, at a first step most of the results described
above were derived working at a point of the internal manifold and preserving all the
Kaluza-Klein modes. In order to get a truly four dimensional action one needs to define
a mode truncation, and this is done expanding the 10d fields on a finite basis of internal
forms. Compatibility with N = 2 supergravity requires this basis to respect a restrictive
set of geometrical constraints, which have been identified in [[[§, Z, further analysed for
SU(3) structure reductions in [[I§] and revisited in [B1]. It is worth saying that in all these
studies the dimensional reduction is supposed to proceed similarly to the Calabi-Yau one.

However, already for the strictly SU(3) structure case, it is difficult to exhibit an
explicit reduction ansatz. Recently this was achieved in [I9] for the particular SU(3)
structure class of nearly Kahler manifolds (previous developements can be found in [I4, [§]).
Another point is that, once a reduction ansatz is identified, it is not guaranteed that the
4d fields defined by the truncation do correspond to (all the) light degrees of freedom. In
other words, one should check whether the obtained 4d N = 2 theory also corresponds to a
low energy effective theory, and if the truncation captures all the light degrees of freedom
associated with the compactification under study.

In this paper we will not address these last issues, also due to their background de-
pendence: indeed the standard Kaluza-Klein procedure identifying the masses of the 4d
degrees of freedom passes through the linearization of the equations of motion for fluctua-
tions of the fields around a chosen vacuum. For what concerns the basis forms defining the
truncation, we will assume they satisfy the needed constraints, and study the 4d N = 2
theory as obtained from the dimensional reduction. Furthermore, our analysis is entirely
classical and based on the supergravity approximation.3

Here is a summary of the paper and of its results. Our starting point is the ‘demo-
cratic’ version of type II supergravities formulated in [Bg], which we shortly review in
section Bl The RR sector is described by a field strength consisting of a sum of forms of
all possible even or odd degrees, and submitted to a self-duality constraint. Because of

3For the relevance of quantum corrections in this generalized geometry context, see [@]



this homogeneous treatement of the different form degrees, the democratic formulation is
particularly suitable for generalized geometry applications (in which context it was first
adopted in [RJ)).

Section [ recalls the needed notions concerning SU(3) x SU(3) structures and their
deformations, and discusses the basis of expansion forms defining the mode truncation.

Next we approach the type II dimensional reduction, studying the NSNS and RR
sectors separately. While the results for the NSNS sector are valid indifferently for ITA and
1IB, for what concerns the RR sector we will concentrate on type ITA.

In section [| we deal with the reduction of the NSNS sector. We reformulate the
different terms in the generalized geometry language, then we implement the truncation
ansatz. In particular we focus on the 4d scalar potential: we find and prove a formula
expressing the internal NSNS sector in terms of the SU(3) x SU(3) structure data, and we
apply it to derive the scalar potential.

Then in section [] we turn to the RR sector. Instead of directly reducing the action,
we choose to reduce the equations of motion. Due to the RR self-duality constraint, these
can also be read as Bianchi identities. The expansion of the democratic RR field on the
internal basis automatically introduces forms of all possible degrees in the 4d spacetime.
A subset of the reduced RR equations is interpreted as 4d Bianchi identities, which are
solved defining in this way the 4d fundamental fields. The remaining equations are seen
as 4d equations of motion, from which we reconstruct the reduced action. The theory we
obtain contains massive 2-forms, and is in agreement with the one derived in [B7]. Known
results for SU(3) structure compactifications are also recovered.

In section ] we make some final considerations. We conclude with two appendices:
appendix [A] summarizes our conventions, while appendix [B illustrates the compatibility of
the democratic RR equations of motion with the standard type IIA action, including some
subtleties related to the presence of background fluxes.

2. Democratic formulation of type II supergravity

We start with a brief account of some relevant facts concerning the ‘democratic’ formulation
of type II supergravities given in [BY). We also took a few notions from [H(]].

We will just consider the bosonic (NSNS + RR) sector of the theory. The NSNS
spectrum consists of the 10d spacetime metric, the 2-form B and the dilaton ¢. The
corresponding action has the standard (string frame) form*

1

N 1. A
SNs = —/ e 2 (R* 1+4de AN*dp — —H N *H> . (2.1)
2 Jar, 2

The 3-form H is subject to the Bianchi identity

dH =0, (2.2)

“Here and in the following, the hat symbol denotes ten-dimensional fields (no hat is needed for the
dilaton). See appendix @ for our other conventions.



which for topologically trivial configurations is globally solved by H = dB, while for more
general topologies the global solution is

H=H"+dB, (2.3)

where H is a cohomologically non-trivial representative (‘I stands for ‘flux’). Notice that
this splitting of H allows us to work with globally defined quantities: we could have insisted
in writing H = dB, but in this case generically the form B wouldn’t be globally defined.

We now pass to the RR sector. In the democratic approach to type ITA (IIB), it
describes the dynamics of a field F consisting of a formal sum of forms of all possible even
(odd) degrees:

F:F()—FFQ—I—---—I—FN inHA, while F:F1+F3—|-"'—|—Fg in IIB. (24)

In order to avoid a doubling of the degrees of freedom with respect to the usual formulation
in which only the forms of lower degree appear, a self-duality constraint is imposed on the
RR field. In the Hodge-* conventions fixed in appendix [A], this constraint reads

F=A\xF), with A& =()FE . (2.5)
In the absence of localized sources, the dynamics of the field F' is described by the following
equation of motion (EoM from now on):

(d+HN*F=0 & (d—HANF =0, (2.6)

where the two expressions are equivalent due to (2.§). The second one has the form of a
Bianchi identity, and for topologically trivial configurations is globally solved by

F=(d— HNC+eBFy (2.7)

where C is a sum of RR potentials of odd (even) degree for type IIA (IIB), Fj is a constant
(present only in type ITA), and eB=1 + BA +%B ABAN+---.

Once (R.7) is established, the first expression in (R.6) can be derived by varying the
potentials € in the following pseudo-action [BY):

1 ~
Srr = —g/Mm[F/\*F]lO, (2.8)

where the notation [ ];p means that we pick the form of maximal degree 10. The prefix
‘pseudo-’ means that (B.§) contains redundant RR degrees of freedom, and should be
considered just as a device to obtain their EoM. The redundancy is then removed at the
level of the EoM by the self-duality constraint (R.5), which does not descend from (P.§)
and has be imposed by hand. A further peculiarity of this pseudo-action is that it does
not contain any Chern-Simons term, which is instead present in the usual formulations of
type II supergravities.

A bona fide action, containing just the independent degrees of freedom, can be recov-
ered by breaking the democracy among the RR differential forms: a half of the F}, has to



be eliminated exploiting the self-duality relation. The choice of the forms to keep is not
unique, and in some cases the presence of localized sources can suggest the most convenient
option [Bg, []). In appendix [B we discuss how the action of standard type ITA supergravity
without localized sources can be recovered, also taking into account a deformation of the
Chern-Simons term due to background fluxes.

In the following we will also need the EoM for the B-field, which is obtained by varying
the complete democratic pseudo-action Sng+ Sgrr. After using the first of (R.G), this reads:

A 1.~ ~
d(e™?® « H) — SIEAFls=0. (2.9)

3. SU(3) x SU(3) structures

3.1 Supergravity fields from SU(3) x SU(3) structures

In this section we introduce SU(3) x SU(3) structures on T Mg & T* Mg, specifying in this
way the class of 6d manifolds on which we wish to study general dimensional reductions of
type II supergravity. Most of the needed generalized geometry notions have been discussed
in our previous work [BI], therefore here we just summarize some fundamentals, together
with the necessary formulas. A more extensive review of generalized geometry can be found
in [R7], while for the mathematical details we refer to the original works [q, 1.

The bundle T'Mg @ T*Mjg is naturally endowed with an O(6,6) structure. Reduc-
tions of this structure group can be defined starting from Spin(6,6) spinors, which are
isomorphically mapped to sections of A*T* Mg, i.e. forms of mixed degree (polyforms). In
the polyform picture, the Clifford action - on Spin(6,6) spinors is realized by elements of
T & T* acting on A*T* as follows: if X =v+( €T dT* and A € A*T*, then

X-A=(,+CN)A. (3.1)
An antisymmetric product between two polyforms A, B is defined via the Mukai pairing:
(A,B) = [MA) A Blg , (32)

where, as in section fJ, A\(Ay) = (—)[%]Ak, while [ |¢ picks the form of top degree.

The characterization of an SU(3) x SU(3) structure on T'Mg & T* Mg requires a pair of
globally defined complex polyforms ®_ and ®_, sections of A®*T* @ C and A°YMT* @ C
respectively. Both ®4 have to admit a six-dimensional space of annihilators, i.e. they
should be pure spinors. Furthermore, they need to satisfy the condition

(@, X D) =0= (D, X -0_) VXeT@oT". (3.3)

Such a pure spinors pair defines a metric G on T' @ T*. We demand G be positive definite.
Then & are called compatible. Lastly, we require they have nowhere vanishing, equal
pairings:

(@4, By) = (@, &) £0. (3.4)

Now, the crucial point for supergravity applications is that the specification of an
SU(3) x SU(3) structure automatically fixes all the NSNS data of the compact space, i.e. it



provides a metric g, a 2-form b and a dilaton ¢ on Mg. Moreover, it yields a pair of SU(3)
structures for Mg, and therefore a pair of globally defined Spin(6) spinors (with positive chi-
rality) n}r and 7]3_. Let’s see how these data are encoded in the generalized geometry objects.

From ®4 one can build a pair of commuting generalized almost complex structures J+,
i.e. maps T @ T* — T & T* squaring to —idpgr*, via

(Re®,, "\ Red, )
TN = 4i > ,
= (Py, Py)

(3.5)

where the indices A,¥ = 1,...,12 run over T & T*, and T'** denotes the antisymmetric
product of two Cliff(6,6) gamma matrices. Recalling (B.1), at each point of Mg we identify
these gamma matrices with the basis elements of T @ T*: T* = (dy™A, 1g,,). The T & T*
indices are lowered with the natural (6, 6)-signature metric Zyy = ((1] (1)) on T'® T™, which
also enters in {T'*, T*} = ZA%. We remark that J4 in (B:§) do not depend on the overall
phase of ®: indeed, since (&, T4, ®) = 0 [20], one has 2(Re®, '\ Re®) = (&, A, ).

A metric G on T' @ T* is then obtained via G := -7, J_ = —J_J+, and it can be
shown [T that its general form is:

v (00 e o . (10
g2—8<g 0 B~*, with B= 1] (3.6)

where by, is an antisymmetric 2-tensor (to be identified with the NS 2-form), while g,
is a metric for Mg, positive definite thanks to the assumed positive-definiteness of Gpy.
Taken alone, G defines a reduction of the T'@® T™* structure group to O(6)x0O(6) C O(6,6),
providing a metric g and a 2-form b on Mg. The specification of the commuting pair®
J+, J- determines a further reduction to U(3) x U(3), and this implies the existence of a
pair of U(3) structures for TMg. Indeed, it was shown in [R1] that Ju take the form

1 ([ —(LhFh) —(JT +J7h ) -
At 1 2 1 2 1
VASES 28( hin Rl B!, (3.7)

where (I)", and (Ji)mn (k = 1,2) are respectively an almost complex structure (I, : T —
T such that I? = —id) and an antisymmetric 2-tensor. Each pair (I, Ji,) identifies an U(3)
structure for T'Mjg, and is related to the same metric on Mg via gppn = Jmpl P,

The further reduction of the T'@® T™* structure group to SU(3) x SU(3) amounts to
fix the overall phases of ®; and ®_ (this also specifies a pair of SU(3) structures inside
the U(3) ones), as well as to choose the pure spinor normalization, on which the previous
definitions of J+ and G do not depend. Recalling (B.4), the norm of & corresponds to a
single positive function over Mg, which we relate to the dilaton. More precisely, denoting
as volg the volume form on Mg, we take:

||®+[Pvolg = i(Ps, D1) = 8e > ol . (3.8)

5The commuting 7, J_ defining a positive definite G are called compatible. It can be shown @] that
[J+,J-] = 0 is equivalent to eq. (@)



To each pair (I, Ji), k = 1,2, is associated an SU(3)—invariant globally defined Spin(6)
spinor with positive chirality n_’i (see subsection [A.9 of the appendix for further details on
the relation between SU(3)-invariant spinors and tensors). An explicit relation between
the Spin(6) spinors n! and 72 and the Spin(6,6) pure spinors defining SU(3) x SU(3)
structures with vanishing b-field (call them ®Y9) is established by® [24]:

F =80t @nil (3.9)
where the action of the Clifford map “/” is:
Joody™t AL NdYTE e AT (3.10)

while to evaluate the bispinor in the rhs of (B.9) the Fierz identity (A.J) is used. We
identify the product of the two nonvanishing Spin(6) spinor norms with the dilaton:

Il Il = e?, (3.11)

so that (B.§) is ensured by (A.23). SU(3) x SU(3) structures with nonvanishing b can then
be recovered via the following b-transform on ®9.:

Dy =e 'Y . (3.12)

This ‘bispinor picture’, in which ®. are treated as in (B.9), is often advantageous in
concrete computations. Some more technical details are reported in subsection [A.] of the
appendix. In particular, (]A.2() provides an explicit basis for the decomposition of the
elements of A*T™ in representations of SU(3) x SU(3), while eq. ([A.29) illustrates how to
evaluate the Mukai pairing in this picture.

The two Spin(6) spinors 7). and 1?2 provided by the SU(3) x SU(3) structure are pre-
cisely the internal spinors to be used in the Spin(9,1) — Spin(3, 1) x Spin(6) decomposition
of the two type II supersymmetry parameters we mentioned in the introduction. Choosing
to reduce the first 10d susy parameter employing just 1}, and the second using just 73,
yields a decomposition ansatz preserving eight supercharges, and therefore N = 2 in 4d.

Finally, we remark that the two SU(3) structures defined by the SU(3) x SU(3) struc-
ture on T'® T may also be the same. In this case the internal manifold Mg has a strictly
SU(3) structure, and the spinors n}r and 77_% are everywhere parallel. However, generically
we will consider the two spinors being independent almost everywhere, and becoming par-
allel at some points: in this situation a local SU(2) structure for T'Mg is defined, but not a
global one. Nowhere parallel n}r and ni identify a global SU(2) structure; this last case is
rather associated with N = 4 compactifications since each of the 10d susy parameters can
be decomposed on either n! and n? [BY.

3.2 Deformations of SU(3) x SU(3) structures

Compactifying on a given class of manifolds requires knowledge of the corresponding moduli
space. Indeed, the moduli associated with the internal metric deformations constitute scalar

SFurther developements on explicit constructions of compatible pure spinor pairs can be found in @]



fields of the compactified theory, and their kinetic terms are specified by the metric on the
space of deformations. In the following we resume the description of SU(3)xSU(3) structure
deformations given in [B1], adding some further specifications. Other physical applications
concerning the deformation theory of generalized structures developed in [0, BT, ] can

be found in 9, B4, 7.

In the notation of [B]], we write small deformations of the pure spinors ®; and ®_ as:
0Py = 0Kkt Py + 06,PL + Syt - (3.13)

Because of condition (B.4), the real parts of the scalars 6« need to be equal (the imaginary
parts are instead independent). The independent complex deformations dy_ and dy,
being sections respectively of the Uz 3 and Uz 3 bundles defined in subsection [A.3 of the
appendix, at each point of Mg can be parameterized using the basis (A.20) as

oxe=e ol with  6xG = (Ox)upy" P L XL = (Ox )02
(3.14)
Here and in the following the indices 71,41 are (anti)holomorphic with respect to the almost
complex structure I, and analogously for 7o, jo with respect to Io. The complex tensors

(5X+)mn and (5X—)mn satisfy
plnfpznq(éX+)pq = (6X+)mn ) plmppznq(‘sX—)pq = (6X—)mn » (3.15)

where (Py),* = $(6 — il};)," is the holomorphic projector associated with I, k = 1,2.
With respect to [BI]], in (B.13) we have also considered possible additional deforma-
tions 6@, and 6, ®_ living in the SU(3) x SU(3) “triplets’ (3,1) ®(3,1) @ (1,3) & (1, 3).
These are precisely the pure spinor deformations constrained by the compatibility condi-
tion (B.d), which requires them to be performed simultaneously. More specifically, using
the basis ([A.2(]), at a point of Mg a parameterization of these simultaneous variations is

0@y = e_b(duilfy“(f(l +517;2<I>(1752) . 0u®_ = —e? (5ui1’yi1 @3 + 5vi2(I>9r’yi2) , (3.16)

where

1 1
5u,~1 = 5(5 — iIl)ilm(Sum s 5’[)2'2 = 5(5 — iIg)izmévm s (317)

du,, and dv,, being real and independent small parameters. Via the Clifford map, expres-
sion (B.16) can be read either in the bispinor picture, or in the polyform picture (in this case
’7“ and ;Zﬁ are mapped to elements of (T @ T*) ® C, see subsection [A.J of the appendix).
The pure spinor deformations induce deformations of the associated generalized almost
complex structure. Recalling (B.H), for both even/odd parities the relation is given by:

(Re(0tx® + dx), CaxRed®)
(P, P)

0JAs = 8i (3.18)
Notice that the rescaling piece dx drops.

In [0, 4] Hitchin shows that the space of even (odd) pure spinor deformations at a
point of Mg admits a rigid special Kéhler metric, and that a local special Kahler geometry



can be obtained by taking the quotient with the C* action generated by rescalings of &
(®_) (see [T for a detailed review). This quotient coincides with the deformation space of
the associated generalized almost complex structure J4 (J-). The corresponding Kéhler
potentials K4 are the Hitchin functions

e KE = (D, D) . (3.19)

Varying K1 with respect to the holomorphic/antiholomorphic pure spinor deformations as

done in [BI]], but this time taking also &, ® in (B.16) into account, yields the metric on the

space of compatible 74, J_ , i.e. on the space of U(3) x U(3) structures (at a point of M;):
5X—75>2—> <5X+75>2+>

2 holo canti < mn
= K, +K_ )= — L — — 2 mOUp+0Vm0vy) , (3.2
ds® = 6" (KL +K_) D5 (0,5, +29™" (St Oy, +00 00y, , (3.20)

where the last term arises from the equal contributions (the computation uses ([A.23)):

B <5trcI):|:7 5trci):|:>

= = g™ (0UmOUy, + OV OV, ) - 3.21
@y By g™ ( ) (3:21)

Since 6y, ®_ and d;, P4 are not independent, the space of U(3) x U(3) structures with the
metric (B.2() is not a direct product of J; and J_ deformation spaces.

3.3 Truncating to a finite set of modes

In order to dimensionally reduce the higher dimensional supergravity, one has to truncate
the modes of the 10d fields along Mg to a finite set. Such a truncation ansatz can be
specified providing a basis of internal differential forms on which to expand the 10d fields.
In this paper we are interested in general SU(3) x SU(3) structure reductions leading to
N = 2 supergravities in four dimensions: the requirements needed for this to be achieved
were given in [[§, PJ and, for SU(3) structure reductions, carefully scrutinized in [[§].
In [BI] we partially extended this last analysis to the SU(3) x SU(3) structure context. In
this subsection we collect the relations we will need in order to derive the general form of
the four dimensional action. We emphasize that the list we provide is not fully exhaustive.

A first condition for a standard 4d, N = 2 action requires to truncate all the 10d
field components transforming in the (3,1) ® (3,1) ® (1,3) ® (1,3) representation of
SU(3) x SU(3): indeed these would assemble in non-standard 4d spin-3/2 multiplets [R3,
[[§]. This requirement concerns in particular the pure spinor deformations &, ® introduced
in subsection B.3. After the truncation of &y, @, the space of U(3) x U(3) structures splits in
a direct product describing the independent deformations of 7, and J_. As we will see in
subsection [L.]), this space coincides with the deformation space of the generalized metric G,
i.e. of the internal metric and b-field. Notice the similarity with the Calabi-Yau case, where
the (finite-dimensional) moduli space splits in the product of two local special Kahler man-
ifolds describing the independent complex— and Kéhler-structure deformations [i5]. From
the point of view of 4d N = 2 supergravity, these two sets of Calabi-Yau moduli define
the scalar components of the vector multiplets and a subset of the scalar components of
the hypermultiplets. The special Kahler structure of the vector multiplet scalar manifold

— 10 —



is necessary in order to have consistency with the N = 2 supergravity formalism, while the
special Kahler manifold associated with the hypersector constitutes the basis of a special
quaternionic manifold [5J).

In the general SU(3) x SU(3) structure dimensional reduction, several requirements on
the expansion forms are needed in order to ensure that the local special Kéahler structure on
the (now independent) spaces of J_ and of J, deformations at a point of Mg be inherited
by the finite-dimensional spaces of 4d fields identified by the truncation. We call these
spaces .#_ and ./, respectively, with dim.#Z. = b*.

In order to preserve the symplectic structure defined by the Mukai pairing, these real
basis forms should arrange in symplectic vectors >4:

() () e

where 1 contains even forms, while ¥_ is made of odd forms. A main point is that these
forms need not be of pure degree, i.e. are in general polyforms. The range of the indices
is: A,B=0,1,...,b7 and I,J = 0,1,...,b~. We also introduce the symplectic indices
AB=1,2...,20b"+1)and [,J =1,2,...,2(b~ +1). The pairings of the basis forms are
then required to satisfy:

[ty =eae [ (s eEyE G

where S4 = (_01 10) are the symplectic metrics of Sp(2b™ + 2, R).
The finite set of modes of the NSNS supergravity fields is specified by defining the
expansion of the pure spinors ®1 determining the SU(3) x SU(3) structure:

o, = X4og—Fact o =Zla; -Gl (3.24)

The complex variables X4 and Z! represent projective coordinates for the local special
Kéhler manifolds .# and .#_ respectively, and depend on the 4d spacetime coordinates
only. Furthermore F4 = F4(X), while Gr = G;(Z). Together these arrange in the sym-

A _ XA I __ ZI
e (2) 2o (2) o

Then the Kéhler potentials (B.19), now integrated,

plectic vectors

Ky = —logi/(@i,fbi> (3.26)

take the standard form of special geometry: for instance K, = —logi(XAF 4 — X4 F4).

We remark that in general the expansion forms are moduli-dependent (see [I§] for a
discussion on this point). However, we assume their derivative with respect to the geometric
moduli vanishes in the integrated symplectic pairing [R2, B1].
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A further condition that seems necessary for the dimensional reduction to proceed
analogously to the Calabi-Yau case is that the ratios

(Zh, @) . (L, o)
<(I)+7§>+> <q>—’(I)—>

Provided that (Z70,:a; — G;0,:137,®) = 0 (and similarly for the even basis), this is
equivalent to demand that [B1]]

(Oxa®y, @)
<(I)+7 q>+>
where, with reference to (B.13), x; is such that §k_ = k;6Z! (and similarly for x7).
Conditions (B.27) and (B-2§) are satisfied when Mg is a Calabi-Yau three-fold. To ver-
ify (B.27) one should recall that in the Calabi-Yau case the basis forms in ¥ are harmonic
and the pure spinors take the SU(3) structure form &, = e ?e=*"/ and ®_ = —ie™%Q
(see (JA.I7)). Here J is the Kéhler form of the Calabi-Yau, Q is the holomorphic (3,0)
form, and the dilaton ¢ is constant along Mg. For instance, for the harmonic (1,1)—forms

wq the first expression in (B.27) reads:

wag NI NJ
Wa AIAT T 2
3 = was (3.29)

where egs. ((A.17) and (A4) were used. Now, harmonicity of w, implies 9y, (wqJ) = 0 [(G].
In the general SU(3) x SU(3) structure case (B.27) and (B.2§) are non-trivial assumptions,
and we are going to employ them at several points of the dimensional reduction.

be constant on Mg. (3.27)

D, D
and K, = (97:9-,2-) be constant on Mg, (3.28)

+ _
A (@3

In [@] we also discussed the geometric origin of the period matrices Nap and M
associated with the special Kdhler structure of .#, and .#_ respectively. These matrices
were related with the action on the basis polyforms of the 6d b-twisted Hodge dual:

sy = e Vs e’ (3.30)
We introduced the matrices:
NAIB = /(Eﬁv *p2 4B ) ) MHJ = /<Eﬂ—7*b2—ﬂ> ) (3.31)

where ¥1p = S;pcX%, and ¥_j = S_jg=%. Also using assumption (B:2§), we arrived at
the result:”

~ 1 —ReN ImN 0 1 0
N:=—5,N = <0 1 >< 0 (ImN)—1> (—Re/\/ 1) : (3:32)

together with an identical expression for M = —S_M, having the period matrix M at the
place of V. It can be deduced from (B.31) that the matrices N and M are symmetric and
negative definite. To see that N is negative definite it is sufficient to notice that

—(tmA) AP = / (@, B = / (5, A o) =3 / (P4, o(eP P ) vols . (3.33)
k

"There is an irrelevant global minus sign with respect to @]7 due to a change in the definition of the
Mukai pairing.
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where k denotes the different form degrees of the polyform e’&4. The argument for M
is completely analogous. This result concerning the action of the x; operator generalizes
the well-known expression for the usual Hodge * acting on the Calabi-Yau harmonic 3-

forms [{7, 1.

An important property of the basis polyforms in ¥4 is that they need not be closed. In-
troducing an exterior derivative twisted by the harmonic piece H of the internal NS 3-form

dya =d— HIA (3.34)
we assume Y. satisfy the differential conditions [RJ):
dya¥— ~QYy .,  dgaSy~Q3_, (3.35)

where the symbol ~ means equality up to terms vanishing inside the symplectic pairing,
and Q is a (20~ + 2) x (2b" 4 2) rectangular matrix of constant parameters encoding the
NSNS (H® and geometric) fluxes:®

Q' = (mIA qIA) : (3.36)

€rA PIA
The matrix Q is simply related to Q: indeed, since [{dgaX_,24) = [(X_,dyaX), one has
Q=(Sy)'Q's-. (3.37)
The nilpotency (dya)? = 0 implies the quadratic constraints:
QSH)™Q" =0 =Q's_Q. (3.38)
4. Reduction of the NSNS sector

We now apply the notions introduced in the previous section to the dimensional reduction
of type II supergravity, starting from the NSNS sector. We assume a background topology
of the type Mg = My x Mg, where M, is the 4d ‘external’ spacetime and Mg is a 6d
‘internal” compact manifold admitting SU(3) x SU(3) structure on 7' @ T*. Coordinates
along M, and Mg are denoted by x* and y"* respectively.

Next we introduce a reduction ansatz for the NSNS fields. For the metric we take

ds® = gy (x)dadz” + g (2, y)dy™ dy" . (4.1)

The NS 3-form H splits as in (B-3). The cohomologically non-trivial part has just internal
indices: H? = HM while for the potential B we take

B=B+b, with B=1}B,(z)dz" Adz”" and b= ibp,(z,y)dy™ Ady™. (4.2)

8We remark that, as illustrated in [@], the action of the differential operator dyn cannot realize all the
possible charges in Q. This can be achieved only on a non-geometric background, performing the extension
dyn — D, where D is an operator encoding both geometric and non-geometric fluxes, first introduced
in [@] Even if we are not concerned with non-geometric backgrounds here, we find it advantageous to
employ the general symplectically covariant form of Q.
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Finally, we allow a possible dependence of the 10d dilaton on both external and internal
coordinates:
¢ =o¢(z,y) . (4.3)

The absence of the terms with mixed indices g, and B, in the reduction ansatz is
a well-known feature of Calabi-Yau compactifications: massless 4d fields from these terms
would be in correspondence with covariantly constant vectors on the compact Ricci-flat
manifold, which are forbidden by SU(3) holonomy. In the general SU(3) and SU(3) x SU(3)
structure context a motivation for not to include g,, and B, in the truncation ansatz was
given in [[[§, PJ by observing that these fields transform in the ‘triplets’ of SU(3) x SU(3)
(see the discussion in subsection above). Therefore, as in the Calabi-Yau case, the
NSNS sector will provide no 4d vectors: these will instead descend from the RR sector.

One can now plug ansatz ([.1))-({.3) in (2-1)) and derive the NSNS sector decomposition.
The treatment of the quadratic terms in the dilaton ¢ and NS 3-form H appearing in ()
being straightforward, we just have to focus on the Einstein-Hilbert term in the action.
Under ([L.1) the higher dimensional Ricci scalar becomes

. 1
RlO = R4 + RG - ngpgnq (augmpaugnq - 3augmnaugpq) - gmnvzlzgmn ) (4-4)

where R4 and Rg are the Ricci scalars associated with the metrics on My and Mg respec-
tively, while V? is the laplacian on M;. One now proceeds in two steps. First substi-
tute (£4) in % fMlO volipe~2? Ry and perform the integration by parts (voly is the volume
form on Mjy):

1 1
——/ v0l4/ 00166_2¢gmnv429mn = —/ voly au(volﬁe_%gm")(‘)“gmn. (4.5)
2 My Mg 2 My Me

Secondly, pass to the 4d Einstein frame by introducing the 4d Weyl rescaled metric (no
rescaling is instead performed on the 6d metric):

g = g (4.6)
where the 4d dilaton ¢ is defined as
e 2 ::/ volge 2% . (4.7)
M

Under this rescaling, R = e~ 2 (R}*Y — 6V — 69,00"p), where on the ths the indices
are raised with the new metric.
Putting everything together, the reduction of (2.1) results then in:

1 1
SNg = —/ voly <R4 — 28ucp8“cp - —€_4¢HuupH'qu>
2 Ju, 12

1

- g/ v0l4e2“°/ volﬁe_2¢gmpg”q(augmnaugpq+8“bmn8“bpq)
My Mg

1
— —/ vol462“0/ 1)0l6e_2¢’V42 log (6_2(15«/96)
2 My Mg

—/ volyVNs (4.8)
My
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where gg = det(gmn) and Vng is identified with the part of the reduced NSNS sector not
containing any 4d spacetime derivative:

Vg = _e4_<p volge™2¢ <R6 + 40,0 P — iHmanm”f”> , (4.9)
2 i 12
and therefore represents the contribution of the NSNS sector to the 4d scalar potential.”

The first line of ({.§) already contains 4d fields only, and is compatible with 4d
N = 2 supergravity. In standard fluxless Calabi-Yau compactifications the four dimen-
sional B-field is usually dualized to an axion which, together with the 4d dilaton ¢ and
two further scalars from the RR sector, defines the bosonic part of the so called universal
hypermultiplet. However, as first observed in [f], in the presence of RR magnetic fluxes
the NS 2-form acquires mass terms and therefore cannot be dualized to a scalar. Anyway,
as shown in [B3—B4], (massive) antisymmetric 2-tensors can be included consistently in an
N = 2 supergravity action. We will have more to say about this in section [f.

The subsequent lines in ([[.§) still need to be reformulated in terms of a truncated set
of modes of the fields gyn, bmn and ¢. For this purpose, in the forthcoming subsections
first we translate these expressions in the language of generalized geometry, relating them
with the SU(3) x SU(3) structure data. Then we implement the expansion in terms of the
truncated set of modes introduced in subsection .3.

Before discussing the relation with SU(3) x SU(3) structures, let’s briefly recall how the
dimensional reduction proceeds when performed on Calabi-Yau manifolds in the absence
of background fluxes [[[]. The Calabi-Yau metric and b-field deformations are expressed
in terms of harmonic forms, and this also corresponds to the Kaluza-Klein prescription
for massless 4d scalars. The second line of ({.§) can be reformulated as a o-model whose
metric splits in the sum of the special Kahler metrics on the spaces of complex— and Kéahler-
structure deformations [fj. This yields the kinetic terms for the scalars in the vector
multiplets as well as the kinetic terms for a subset of the scalars in the hypermultiplets.

The last two lines of (.§) vanish in Calabi-Yau dimensional reductions. The line
involving V?Z log (6_2‘15\/9—6) vanishes thanks to the internal coordinate independence of this
last term: passing it out the integral over Mg and recalling ([.7), one is left with the integral
over M, of a total derivative. The constancy of V42 log /g6 along the Calabi-Yau can be
seen as follows. Recall that ,/ge depends on the 4d coordinates through the moduli v*(z)
parameterizing the Kéhler form J = v%w, ({wq(v)} is a basis of harmonic (1,1)—forms):
the relation is volg = %J A J A J. Therefore one has'®

0y 1og \/g6 = %(log V96)0uv" = 3%8uv“ = (wqJ)Opv" . (4.10)

The statement then follows recalling that below eq. (B.29) we deduced O, (wqoJ) = 0.
Vs is zero due to the Ricci-flatness of Calabi-Yaus, as well as to the harmonicity of ¢
and b. The absence of a scalar potential in the 4d effective action (there is no contribution

9A further contribution to the scalar potential is generated from the RR sector and will be derived in
the next section. The total potential of the effective theory will be ¥V = Vns 4+ Vrr.
ONotice that even if the harmonic forms w, depend on the moduli, as illustrated in [@, @] on a Calabi-

wp = 0, and therefore a?;a J = w,q.

Yau one has v° a?;a
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from the RR sector either) is consistent with the fact that the dimensional reduction is
performed on a class of equivalent solutions of the 10d theory (with vanishing 4d cosmo-
logical constant), so that the geometrical moduli correspond to massless 4d scalars with no
preferred vev. This is in contrast with what expected for general SU(3) x SU(3) structure
off-shell reductions: as we will discuss in subsection ., in this case a non-trivial scalar
potential is generated.

4.1 Scalar kinetic terms

The second line of (f.§) defines the kinetic terms for the internal metric and b-field fluc-
tuations along the 4d spacetime. This was already translated in the generalized geometry
formalism in [B1], where we showed that

<5X—75>2—> <5X+75>2+>

1
Lomngpa(so  So 4oy, Sb) = —SOX=OX=) X1 411
59" 9" (0gmpOgng + 0bmpdbng) @_,3_) (B, D) (4.11)

In the following we add a comment on this formula. In [B1] since the beginning we discarded
pure spinor deformations living in the vector representation of O(6,6), decomposing under
SU(3) x SU(3) in the ‘triplets’ (3,1) @ (3,1) ® (1,3) ® (1, 3). However, eq. ([E.11]) is correct
even when taking such variations d;,;®4 into account, because they are precisely the ones
which modify the compatible pair of generalized almost complex structures J,J— while

leaving invariant the generalized metric G = —J;+J- (and therefore the internal metric
and b-field, see subsection B.J). Indeed, recalling the comment below eq. (B.§), the space of
0(6,6)

compatible J., J_ at a point of My is the 48-dimensional coset while the space of

UB)xU(3)’
generalized metrics G is the 36-dimensional coset %. The 48 — 36 = 12-dimensional
space of transformations being in the first but not in the second coset is in correspondence
with the O(6,6) vectors [[F].

This argument can be made more explicit as follows. Consider the pure spinor varia-
tions 0, @+ in the SU(3) x SU(3) ‘triplets’, parameterized as in (B.1§). Starting from (B.1§),
we now evaluate the corresponding deformations of the generalized almost complex struc-
tures J4 and J_. Performing the computation in the bispinor picture via the same proce-
dure used in [BI] to derive eq. (.11) here above, we find that:

Im(dusy + 0va€e)™ Im(dusy — JviQg)™"

n

_ 5r =B
(0urT4) T (Im(éu_:Ql = 6v22)mn Im(Oufy + 0viQ2),,)"

>B_1 - +j+(5tru7—)a

(4.12)

where 0 and 5 are the invariant (3, 0)-forms for the SU(3) structures associated with 7}
and 77_2|r respectively (see subsection [A.3 of the appendix for our conventions). Therefore
we conclude that G = — 7, J_ is invariant under dy, P4 .

As discussed in subsection B.J, the requirement of dropping the pure spinor deforma-
tions 6, ®+ makes () coincide with the sum of two special Kahler metrics.

Recalling (B.§) and the definition of the 4d dilaton ([.7), we can also integrate ([L.11])
over the compact Mg, and write

2 Ox_,0X_ OX4,0X
e volﬁe_2¢gmpg"q(5gmnégpq —|—5bmn5bpq) = —f< X-,0X-) — J (O 0%+) . (4.13)

8 f(@_,(i)_> f<@+,(i)+>
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In [B1] we parameterized dy+ in terms of the finite set of modes surviving the truncation
as ox— = x; 0z' and dx4 = x6t?, where z* and t* are special coordinates for .#_ and
M+ respectively. We then concluded that the second line of (.§) can be rewritten as the
sum g%@uziaﬂfj + gi—)@ut“@“t{’ , involving the special Kahler metrics g;; and g;% obtained
deriving the Kéhler potentials (B.26).

4.2 Variations of ,/gs and the dilaton

In this subsection we discuss the condition under which the variation of log(e_%\/g_@), as
induced by SU(3) x SU(3) structure deformations, is independent of the internal coordi-
nates. As observed above eq. (f.1(), this guarantees vanishing of the third line in ([.§), in
analogy with the Calabi-Yau case.

Recalling the stated relation (B.§) between the dilaton ¢ and the pure spinor norm, we
immediately see that under a general pure spinor deformation (B.19) we have

_ 5<(I):|:, (i)j:>
(D, D)

where we call Re(dx) the equal real parts of x4 and dx_. Thus we need constantness

Slog(e™?\/g6) = 2Re(0k) , (4.14)

along Mg of the function Re(dk) associated with pure spinor rescalings. For the truncated
set of modes, this is guaranteed by our assumption (B.2§).

Notice from (B.§) that a priori the metric deformations also affect the dilaton, in such a
way that 6_2‘15\/% is left invariant. However, it is more natural to consider the deformations
of ¢ and /gs as independent. This can be achieved as follows. We start deriving the first
order variation of ,/gg induced by @ in (B.I3). Recalling (B.6), and assuming here b =0
for simplicity, we have that gmn = Gmn = —(J4+J-)mn. Using (B.7) we obtain!!:12

1
2610g /96 = 9" Grmn = 5 (0T )mn (J1 + J2)™" + (8T )n (J1 — J2)™"] (4.15)

so we see that in general both 6.7, and 07— will contribute. Now we express §J+ employ-
ing (B.1§): as discussed in the previous subsection, dy; 7+ drop when computing variations of
the generalized metric G, so we are left with the deformations induced by dx+. Performing

as usual the computation in the bispinor picture and recalling (B.15) we arrive at the result:

dlog /g6 = 49" Re(dx— — OX+)mn - (4.16)

Recalling (B.§), we can now prevent such a metric variation to modify the dilaton ¢ by pre-
scribing a simultaneous real rescaling of &4 with dx = %5 log \/g6. Any other independent
pure spinor rescaling (having Re(dx) # 0) modifies ¢ without affecting the metric gy, .
All this can be illustrated considering strictly SU(3) structures. In this case J; =
-1
Jo = J and I} = I, = I, so that from (B.7) we have J; = (OJ_JO ) and J_ = (Bll(f]p).

“ifp=0in G, then in general the variation §G will contain a small 6b. However, at first order this
doesn’t enter in Gy, which is then identified with d¢ymn.-

12The supplementary term g™"[(§ T+ )P T—pn+T+mp(8T-)P,] that should enter in ) vanishes because
9" (0 T+ — 0 T+ )n? and (0J- — 8t: J-)P,,g""" turn out to be symmetric tensors while J_p, and Jymp are
antisymmetric.

— 17 —



From (§.15) we immediately see that §7_ does not contribute, and that

51og \/75 = %(5J+)mn,]m" = (5.7)a] | (4.17)

In particular, only the rescalings 6J = d\J (where 0\ is a function) contribute to (6.J)..J.
Now we notice that this J-rescaling also implies a rescaling of <I>9r, which in the SU(3)
structure case reads ® = e~?e*/ (recall (R:1§) and (B-11)). Indeed, at first order we have

3
2
where the second term in the rhs is in the (3,3) of SU(3)x SU(3). It is now immediate to

check that, thanks to the presence of the rescaling term in ([.1§), it is consistent to keep the
pure spinor norm (B.§), viz. the dilaton, unmodified. Thus the condition Re(6x) = const

s = Zoxe ™ + iéA(—6 +2iJ — J* +iJ%) (4.18)

in this case also requires dA to be constant along Mg. Choosing the basis of expansion
forms described in [[[§], we have 36\ = (6.J)1J = w,1Jdv?%, and we recover the requirement
d(wqaJ) = 0 discussed in that paper (as seen below (8.29), this is satisfied for a Calabi-Yau).

4.3 Scalar potential

In the following first we obtain a formula expressing the Ricci curvature Rg of the compact
manifold (supplemented by terms involving H,,,, and 0,,¢) as a function of the pure
spinors ®.. Then we apply this result to reformulate the NSNS contribution (f£.9) to the
4d scalar potential. This allows us to make contact with an expression for the potential
obtained with purely 4d gauged supergravity methods in [B7].

At the end of this subsection we will prove that under the assumption

(drdY, 7 m®Y) + (dgd’, 7m0y =0 , (dg®l, 8% 5™ + (dgd’,d° ™) =0,
(4.19)

constraining a subset!? of the SU(3) x SU(3) triplets in dyy ®%., the following formula is valid:

1
Re — 25 Hynnp ™ + 40, 60™ ¢ - 2e2V2e 2 = (4.20)
_ 4 (dH(I)O 7*)\(7dH(i>9|-)> B (dH(I)(l, *AQdH(T)Q)> ‘ <dH(I>0 ,7(1)9> ‘2 ‘ (dH(I)O ,7(i>(l> 2
i(Py, i) i(Py, Py) (P, i) WPy, i) |

where VZ is the laplacian on Mg and dy = d — HA, with H = H R d(6)b purely internal.
This completes and generalizes an expression given in the context of SU(3) structures in
footnote 2 of ref. [[§], referring to results in [50].

We remark that (4.20) is symmetric under the exchange (I>9r — ®Y | in agreement with
the formulation of mirror symmetry in the context of generalized structures [p1, 3, B4].
Indeed we have (dg®%,®%) = (®%,dy®%), thanks to the fact that ®%, 0 satisfy (B.3).

Furthermore, notice that while the last two terms in the rhs of (.20) are positive
definite, the first two are instead negative definite: in fact for any complex polyform

3Here we don’t strictly need the condition projecting out all the SU(3) x SU(3) triplets in d®%, which
would read: (dg®%,I*®%) = 0 = (dgd®,T*®%), with I'* = dy™A or 1, (the analogous relations
containing ®% at the place of ®J are automatically satisfied).
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C =3, Ck, one has (C, x\(C)) = volg >_; Cx1Cy. The last two terms of (£.20) vanish when
at least one of the two pure spinors satisfies the integrability condition dg®° = (1, +(A)®°,
where v is a vector and ¢ a 1-form. Finally, the rhs of (f.20) vanishes identically when the
pure spinors satisfy the ‘generalized Calabi-Yau metric’ condition dg®Y% = 0 introduced
in [21].1* Then for these geometries we have an expression for the curvature Rg in terms
of Op¢ and Hy,ppy (playing the role of torsion).

The rhs of ([L20) can also be expressed in terms of the SU(3) x SU(3) torsion classes
introduced in [P4, Bq]. We refer to the parameterization provided by eqs. (6.14), (6.15)
of ref. [R7] (even if written for SU(3) structure pure spinors, that parameterization also
applies to the general SU(3) x SU(3) structure case). Using (A.21)), (A.22) we get:

rhs of ():8(|W30|2+|W03|2)—16(|W21|2+|W12|2—|—|W11|2+|W22|2+|W10|2+|W01|2) ,

(4.21)
where expressions like for instance |[W12|2 and [W!°|2 mean W2112JQW and le;)WlO”
respectively. As in subsection B.3, the indices 77,4, are (anti)holomorphic with respect to
the almost complex structure I1, and analogously for 7z, jo w.r.t. I5. Our constraint ({.19),
which in terms of torsion classes reads W' + W3l = 0 and Wj120 — ng
to eliminate W3! and W20,

Now we multiply eq. ([E20) with e 2?volg and integrate over Mg, getting in this way

124172

= 0, has been used

a geometric expression for the NSNS contribution ([l.9) to the 4d scalar potential:

ete

WNs = - {<dHﬂ(I>+7*b(dHﬂ(I>+) )+ (dHﬂ‘I’—a*b(dHﬂ‘T’—N}
e [ 1@ @) 4 (a2
® / ) . (4.22)

Eq. (B.§) has been used, as well as (B.13) and the definition (B.3() of the ; operator.

Starting from (K.22), it is possible to reformulate Vyg in terms of the 4d degrees of
freedom by substituting the expansions (B.24) for ®.. and exploiting the assumed properties
of the basis polyforms. For instance, recalling (B.33), (B.31):

e / (dpa® .y, % (dpa®y)) = —8e5+ XA(QTMQ) 15X B | (4.23)

where we have also used the fact that e %+ = 8¢72¢ (see (B.§), (B.26) and (7). To
evaluate the second line of ({.22), we need requirement (B.27), implying:

Loy  [sL,e)

(@_, )  [(d_,®_) —ie" 7" (4.24)

The resulting expression for Vyg is symplectically invariant, and reads:
VNS = — 26230 [€K+XA(QTMQ)ABXB -+ EK* ZH(@TKI@)HZJ}
— 8eXP el TR ZIs_ Q) (XA XE + XAXB) QTS gy 27, (4.25)

This condition does not coincide with the notion of generalized Calabi-Yau manifold defined in @], see
e.g. [@] (section 4) for a comparison.
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where we recall that Q is given by (B.37) and that N and M are negative definite. This is
precisely the same expression obtained in [B7] by means of 4d gauged supergravity tech-
niques, starting from the 4d effective action associated with Calabi-Yau compactifications.

Finally, we remark that the value of expression ([.20) in a vacuum is also related to the
external spacetime Ricci curvature Ry. Indeed the 10d dilaton equation (in string frame
and in the absence of localized sources) for a 4dx6d background preserving maximal 4d
symmetry takes the form

1
—Ry=R¢ — EHmanm"p + 40,,00™p — 26?9V 2729 (4.26)

with no contributions from the RR sector. Furthermore, acting on eq. ({.2¢) with
fMﬁ e 2%volg and rescaling the 4d metric as in (f.§), we obtain Ry = 2Vxs. On the other
hand, from the trace of the 4d Einstein equation evaluated on a maximally symmetric
vacuum, in general one has Ry = 4). Since the total potential of the reduced theory is
YV = Vns + VRR, then we can conclude that in a vacuum 2Vgr = —Vns.

Proof of relation (f.20). In the remainder of this section we give an account of the
main computational steps proving eq. (.20). We parameterize |[nL|| = |a|, |[n|| = ||
(this last should not be confused with the internal NS 2-form, also called b). Then (B.11)
says |ab| = e~.

We start without imposing any constraint on the SU(3) x SU(3) triplets of dy®%. The
rhs of (.2() is evaluated using (A.29), (A23) for the Mukai pairing as well as

1 m
deffﬁ = (P~ LH)nint £ (D, — YHy)niny
i771+ (D + L2 + v"nk (Do + 2H)]T (4.27)

where J = ~"D,,, H = sHpppyy™™ and Hy, = %Hmmﬁ"” . Eq. ) is directly derived
(also recalling (B.9)) from the expressions for ¢®%. and H-APYL given e.g. in appendix A
of ref. [R7). For instance we obtain

(dpdY, 00 )

16‘
(D, Py)

[ = o= (5~ 3] (5~ L)
— dla|72|(B — LHL = 20al Ym0 - LHmL P, (4.28)

where for the second equality we used identity (A1) in order to reexpress |a|~2nL nl_T. The

computation of the terms in the rhs of (f.20) containing *\ is slightly more involved, but

employs the same technique. For the image of *\ under the Clifford map we use (A.21)).
Resumming all the terms and taking a few cancellations into account we obtain:

4<dH(I)07>k)\(dH(i)9_)> 4<dH(I)(i,*)\(dH(i>(l)> —|—16‘<qu)0’(1)(1>‘2 ‘(dH(I>07<I>Q>‘2_
i(Py, D) i(Py, Dy) '(‘I’i,@ﬂ i(Py, Py)
mn 1 m mn
= |a| 2 [2DmnTy Dnni +3 0y (Hn H™ — HH )k — —D (TPl ) Hypg )
_ " " 2
—4|a zRe[nfv (B — 1H)ni]0m log|b] — 2|al” 4!?7” (P — 1H)n! |
+nL =i, Ja < ’b’ , H— —H (4.29)
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where the last line denotes the repetition of the two preceding lines performing the pre-
scribed transformations.
Now we consider our requirement (f.19) on the SU(3) x SU(3) triplets of dy®Y: this

can be translated as:!®

la|nify™ (B = LH)n + 2P,0™ log [b] = 0, (4.30)

together with the analogous relation obtained implementing 1 — 2, |a| < |b], H — —H.
P, is the holomorphic projector associated with the almost complex structure I.

Now, constraint ([£.30) implies that the two terms in ([.29) containing ' — 1 H cancel
each other. Then using the following relations:

1 1
[Din, Da]ny = ~ Rinpg P+ = Dyt Y™ Dy = Dy, (ni’ym”Dnm)JrZHmWRﬁ

4
HyH — HH = 5 Hy H™™
dH =0 e DipHypg =0, (4.31)
we rewrite:
= 1 mn -2 Womnp 1 L 14 mnpg 1
rhs of ([L.20) = s - EHman ’ o+ 2l D (77+ Y Dnny — ﬂananr Y pq77+>
+ 0l =0t la|— b, H—-H, (4.32)

where only the term involving |a|~2 needs to be repeated with the prescribed substitutions.
Now we observe that the real part of constraint ({.3() can be written as:

- 1
ja] 72 [Re (niym D) — ﬂanqnfvm“mni} + 0™ log |ab| = 0. (4.33)
Noticing that Dm[Im(ni’ymnDnnJr)] vanishes identically, and recalling |ab| = e~?, we can
use this equation, together with the analogous one obtained performing 1 — 2, |a|] <
|b| , H— —H, to see that

last two terms in (F33) = —49,00™¢ +4Vid = 40,00™¢ — 2*°V e ™27 . (4.34)

This proves eq. (f£.2Q).

5. Reduction of the RR sector

In this section we reduce the RR sector. We will focus on type IIA, but the procedure we
describe can equally well be applied to type IIB.

We wish to reduce the RR democratic pseudo-action (R.§), also implementing the self-
duality constraint (.5) in an appropriate way (a direct substitution of (R.5) in (R.§) results
indeed in a vanishing action). In principle we could follow a procedure similar to the one

5One can check that in the notation of ref. [@] (section A.4), this constraint corresponds to 73 +
Or, log |b] = 0 together with 75, + 05, log |a| = 0.
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adopted in [[f], and subsequently in [§, [J], to reduce the type IIB action taking into account
the self-duality of the RR 5-form Fs. In [ff], first the electric and magnetic 4d gauge field
strengths descending from the expansion of F5 on the Calabi-Yau harmonic 3-forms are
regarded as independent and kept in the 4d action. Then the addition of a suitable Lagrange
multiplier term makes the equations of motion for the magnetic field strengths precisely
correspond to the self-duality constraint. Integrating out the magnetic field strengths
provides thus an action with electric fields only and the self-duality constraints correctly
implemented. In our context, the generalization of this procedure would require to keep in
the 4d action forms of any degree!® (from 0 to 4) descending from the RR field expansion
on the internal basis (B.29), and then to integrate out a subset of these forms.

However in our case this direct approach to the reduction of the action turns out to
be quite involved due to the large amount of fields and constraints, and indeed we find it
more efficient to proceed along the following alternative path.

First we reduce the self-duality constraint for the democratic RR field, as well as its
EoM/Bianchi identities. From the reduced Bianchi identities we isolate and solve a set of 4d
Bianchi identities, defining in this way the fundamental dynamical fields of the 4d effective
theory. Using the relations obtained from the reduction of the 10d self-duality condition,
the remaining 4d equations are interpreted as EoM associated with the identified dynamical
degrees of freedom. The last step consists in the reconstruction of the four dimensional

action leading precisely to such EoM.
We will work with the so-called G-basis for the RR field, defined via [B9]:

F=ePG. (5.1)

In this basis, the self-duality constraints (B.5§) and the Bianchi identities in (R.) read
respectively:

eBG = A« <63G> , (5.2)

(d - HﬁA) G=0, (5.3)

where as in the previous section we used the decomposition H = H1+dB, with B = B+b.
We recall that, due to the self-duality, the RR EoM are equivalent to the Bianchi identities.

5.1 Reduction of the RR self-duality constraint

We start expanding the RR field G on the internal basis polyforms (B:23). Recalling (E-4)
and (b.1)), this expansion naturally leads to forms of any degree in the 4d spacetime My:

272G = (G +GL + G wa— (Gon+Gon+Gan)o +(GT+ Gl oy — (Gir+Gsr) B, (5.4)

where G, denotes a p-form on M, depending on the z# coordinates only. The 2-1/2 factor is
introduced just for later convenience (concerning the relative normalization of the reduced
RR and NSNS sectors). We also introduce the following auxiliary expansion:

2_1/26BG:eb(KAwA—K'A(I)A—i—LIaI—Z[ﬁI) , (5.5)

161t would be interesting to relate this with the tensor hierarchy proposed in [@]

— 292 —



so that (the indices are understood and B is along My): L = G; + (Gs + B A Gy),
K =Gy + (Ga+ BGy) + (G4 + BANGe + %B A BGy), and analogously for K and L.

We now reduce the self-duality constraint (§.4). Substituting (F.5), this can be
rewritten as:

KAwa— Ko+ L ap—LiB" = — s MKA) spw s+ +XK 4) k0 — s XML ) sy ap + X (L) 5, 57

(5.6)
where ([A.f) has been used, as well as the definition (B.3() of the 6d operator *,. Taking
the Mukai pairings with the basis forms, integrating over Mg and using the results for the
action of *, recalled in subsection B.3, from (F.6) we get the 4d relations:

Ky = —ImNap * NKP) + ReNypK P (5.7)
L; = —ImM;j; « M(L?) + ReM L7 . (5.8)

In order to keep the notation of the forthcoming expressions as compact as possible, we use
the symplectic notation introduced in subsection B.3, and we define the symplectic vectors

Ga Gl
GA:<~’“> fork=0,2,4  and GH:<~k> fork=1,3. (5.9)
Gra Grr

Then separating the different form degrees and rescaling the 4d metric as done in ([£4)
for the NSNS sector, (5.1) yields the following relations among the 4d fields:

Gaoa + BGoa = ImNap * (GF + BGF)+ReNap (GF + BGE) , (5.10)
Gy + BAGS + %BAB%A = MPNAGE « 1, (5.11)

while from (f.§) we obtain:
GL+ BAGE = —e¥M G . (5.12)
Eqs. (F-10)(p.12) represent the 4d remains of the 10d RR self-duality condition (f.9).

5.2 Reduction of the equations of motion / Bianchi identities

We now pass to reduce eq. (p.3). This will provide a set of Bianchi identities for the 4d fields
as well as the 4d EoM, once the relations (p.10)—(p.13) imposed by the reduced 10d self-
duality will be used to eliminate the redundant 4d fields. Starting from the expansion (f.4)
for G, we use the ansatz (B:3§) to evaluate dya on the internal basis of forms,'” and
then separate the different components by acting with || M6<Zi= -). The following set of

four-dimensional equations is obtained (recall that Q is related to Q as in (B:37)):
QLGL =0 (5.13)
dGh —QMNGE =0 (5.14)

"Due to their moduli dependence, the basis forms are in general not closed even with respect to the 4d
exterior derivative. However, recall that in subsection @ we assumed that their derivatives with respect
to the moduli vanish in the integrated Mukai pairing.
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dGT + Q'G5 =0 (5.15)
dGy —Q*GL =0 (5.16)
G+ QG = 0. (5.17)

We immediately rewrite eq. (5-17): using (5-11) and (F-13) to eliminate G4 and G3, also
employing (p.13), (B.I7) to simplify the expression, we obtain

—d(e**MYy x GY) — dB A GE + e (QN) G 1 =0. (5.18)

We also need to reduce the ten dimensional EoM (B.g) for the NS 2-form B, which
receives contributions from both the NSNS and the RR sectors. This is an 8-form equation,
and we consider just its piece with 2 legs along M, and six legs along Mg. Taking the
integral over Mg, using the expansions in subsection p.J and recalling (B-31), (B-39), we
arrive at the 4d equation:

1 ~ ~ -
§d(e_4“” % dB) + G{!Gaa — GoaGy + Gy NG =0, (5.19)

where the 4d metric has been Weyl rescaled as in (.§). This corresponds to the EoM for
the 2-form B in the reduced 4d theory.

5.3 p# =0 = ¢/4 case. SU(3) structure

We pursue the analysis by considering first the simpler case in which p‘;‘ =0 = ¢4,

ie. QM = 0 (recall (B-3)). As we will discuss below, this is particularly relevant for
dimensional reductions on SU(3) structure manifolds.

We start by identifying and solving a set of Bianchi identities in the system of equa-
tions (b.13)-(F.17). From the components of (5.14) with upper A-indices we see that
G4 = const := mip (these parameters are associated with RR fluxes). Then (F.13)
are just constraints among constants: mﬁmﬁR =0=e¢es AmﬁR. The upper components
of (p-16) are solved by G4 = dA#!, defining the (electric) gauge potentials of the 4d theory.
Then (F.17) are solved by GI = d¢f — mj{xA’fx and Gy = dé; — eraAft, where ¢! and &r are
scalar fields. Finally, using also the quadratic constraint eIAmIB — erIB = 0 contained
in (3:33), from the lower components of (5.14) we find that Goa = erra — &lera + éjmﬁ,
where egra are constant RR flux parameters.

At this point the only equations we still have to deal with are eq. (5.I7) and the
lower components of (5.16). Employing the relations descending from the RR self-duality
constraint, these will now be interpreted as EoM for the fields &7, ¢! and A$. Eq. (B.19)
has already been treated along these lines, yielding eq. (p.1§), which we take as the EoM
for the scalars £/,£;. Concerning the EoM for A, we use (5.10) and (5.13) to eliminate
Gaa, Gg in the lower components of (5.16), and we get:

d [ImNap * FB + ReNapFP] — GoadB — QM) a1 + G} =0, (5.20)
where we introduced the modified field strengths F4 containing the 2-form B:

FA = G + Gi'B = dAY + miRB . (5.21)
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One can now check that precisely the equations of motion just obtained, together with
the EoM for B given in (f.19), can be derived from the 4d action:!®

1 1 e2e
St — /M { SINapFA A FP 4 SReNapFA A FP 4 =My DE' A +Dg!
4
L - 1
+ 5dB A [5HS—HJD5J + <26RRA —¢&lera+ &mﬁ) Aﬂ — §m§‘ReRRAB A B

— Vrr * 1 ] , (5.22)

where ¢! = (g), and we have introduced the covariant derivatives
Del =Gl =del —ml AL | D& =G =dEr—eraAf (5.23)

Furthermore we defined:
et? AR B

corresponding to the non-negative contribution of the RR sector to the scalar potential of
the reduced theory.'”
Since it yields the correct reduced EoM, we interpret the action (p.22) as the one for

the reduced type ITA RR sector. To check that SI%ZL reproduces the EoM written above, one

needs the consistency constraints (B.3§) as well as the condition mﬁmﬁR =0=¢s AmﬁR.

As mentioned above, the present setting with p’? =0 = ¢'* is relevant for SU(3)
structure compactifications, once the specific basis of forms (of pure degree) defined e.g.
in [[3, [[§] is adopted. In this basis the parameters era,ml, a =1,...bT, are ‘geometric
charges’, while e, mé are associated with the NS flux H". Indeed, the action (F-29), which
has the features of an N = 2 gauged supergravity, is in agreement with all the previous
studies of N = 2 type ITA compactifications on SU(3) structures [L1], {3, [, [q-[d]. In
particular, the Killing prepotentials describing the general gauging were found in [[[3] via
a reduction of the gravitino susy transformations.

It can be useful to see how several particular cases already described in the literature
can be recovered. Let’s take mﬁR = 0 first. In this case the 2-form B can be dualized to
a scalar a. The terms in the action (p.23) containing dB, together with the kinetic term

—i [e=%dB A *dB coming from the NSNS sector (see eq. (.§)), are then replaced by:

4o
St = [ =5 (Da-¢5-uDg) nx (D5 uDg) . (.29
My

where
Da = da — <2eRRA —tleps+ &mIA) AL (5.26)

"®The term 1d(e™*¢ xdB) in (p.19) is indeed derived from the piece of the 4d action associated with the
reduction of the NSNS sector, see eq. (@) This also fixes the overall normalization of Sglr){.

9Notice that (p.24) contains a term —647% (?r?r?)TKI(?r?r?) which does not depend on the RR scalars ¢, &;
and indeed does not contribute to their EoM. We have added it as the natural completion of the expression
for Vrr directly reconstructed from these EoM. The correctness of ) can also be verified studying the

reduced Einstein equations.
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The term (5.25) contributes to define a hypermultiplet quaternionic o-model analogous
to the one featured by the standard N = 2 effective action derived from Calabi-Yau di-
mensional reductions [fJ]. More specifically, the (RR sector of the) N = 2 supergravity
obtained from proper Calabi-Yau compactifications with no fluxes [[]] is recovered by set-
ting all the charges ej 4, mi, errA (as well as mgg) to zero. This is consistent with the fact
that all the basis forms (B:29) are then closed. Allowing for non-vanishing ey, m{ yields
the Calabi-Yau effective action in the presence of NS fluxes described in [§.2°

Adopting a four dimensional approach, the N = 2 supergravity containing err4, €ra
and m,{l was obtained in [I3] by performing a gauging of the Calabi-Yau effective action.

The Killing vectors parameterizing the quaternionic isometries that are gauged are
kg = <2€RRA — fIEIA + flmi) 0, + mi‘aff + 61A8~I , (5.27)

and the wusual differentials d¢’, dé 1,da are replaced by the covariant deriva-
tives (5.29), (£:26), coupling the scalars to the gauge vectors A

Furthermore, taking just egq # 0, we find agreement with the results of [[LT]] for type
ITA reductions on half-flat manifolds (the parameter ey being associated with an NS flux).

Finally, let’s consider nonvanishing mﬁR. These parameters generate some couplings
for the NS 2-form B, including a mass term: then B cannot be dualized to an axion [§, [L5].
If mi =0 = era, eq. (5.23) precisely reproduces the RR part of the action derived in
for Calabi-Yau compactifications of type ITA with RR fluxes.

5.4 General case

Let’s consider a general charge matrix Q as given in (B.3(). An N = 2 lagrangian including
this same set of charges was obtained in [B7] using purely 4d supergravity techniques
and building on results in [[J, B3, B4]. Having the N = 2 effective theory arising from
Calabi-Yau compactifications as a starting point, the authors of [B7 first deformed it by
implementing a standard electric gauging of the quaternionic isometries, and subsequently
performed a dualization of a subset of the RR axions to antisymmetric 2-tensors in order
to include the magnetic charges.

In section [ we found consistency between this procedure and the dimensional reduction
of the NSNS sector, obtaining in particular eq.([.2§) for the NSNS scalar potential. Here we
approach the same question for the RR sector. As in the previous subsection, we construct
a 4d action via the analysis of the reduced RR EoM/Bianchi identities. A set of 2-form
potentials, beside the vector and scalar fields, will emerge directly from the analysis of the
selected 4d Bianchi identities. The outcome of the analysis is summarized in table [I.

Even if for a general Q all the equations (f.13)—(F.17) are symplectically covariant,
we will anyway break this symmetry in order to establish a set of EoM associated with a
4d action written in terms of electric vectors only. For this task we introduce appropriate
projectors that we will apply to eqs. (5.13)—(F-I7). In the following computations, several
technical steps are close to the ones employed in [B7] for the dualization of the RR axions
to antisymmetric 2-tensors.

20With respect to [E], we have a sign difference in the definition of the RR scalars &.
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Equation yields: Equation yields:
(p-13) | constraints among charges (b-19) Bianchi for G4 — def. A{!
(b-19) expression for G§ EoM for Af
(b.19) | Bianchi for @i — def. &1 (B.17) Bianchi for G4 — def. Cya
EoM for Cyy (rewr. as (p.1§)) EoM for ¢!

Table 1: Analysis of the reduced RR equations for a general charge matrix Q.

We start splitting the charge matrix Q in the following (2b~ +2) x (b* +1) submatrices:

1 IA
Ul =Ql = <mA> R e (q > . (5.28)

€rA p[A

With respect to the gauge vectors with upper indices A‘f‘ that we are going to define below,
the elements of U are electric charges, while V' contains magnetic charges.

As in [B7], we adopt the working assumptions b* < b~, and that the matrix U has
maximal rank b" + 1. Then we introduce the matrix ﬁAH, defined through:

P being the projector on the subspace corresponding to the non-vanishing minor of U HA,
We also define the orthogonal projector (Po); = 6% — (Po);.
An identity we will need is:

v = vutuT = uvToT, (5.30)

which is obtained recalling the first of (5.29) and then the first of (B.3§). Notice that
(UV)AB is then symmetric.

Bianchi identities and fundamental 4d fields. With respect to the analysis of sub-
section [p.3, the presence of the p’ﬁ and ¢’ charges makes less trivial the identification and
the solution of a set of Bianchi identities for the fundamental 4d fields. For this purpose
we make use of the matrices defined here above. As we will see, a set 2-form degrees of
freedom will be required.

We start introducing a set of scalar fields. Define [B7]:

G =U4G¢T G =PdGT, (5.31)

so that
GY =ULGH+ G (5.32)

We want to keep the @I, while we will deal with G"f in the next paragraph. We act with
Py on eq. (p.19) and we observe that Po@Q = 0, due to the definition of Py below eq. (5.29)
and to identity (5.30). Then we get

aGt =0 =  Gi=det, (5.33)
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with é’\ I'being a set of real scalars satisfying (]P’;,,go)]I J é’\ J' = 0 and corresponding therefore to
rank(Pg) = 2(b~ + 1) — (b* + 1) degrees of freedom.
Recalling (5.37) and (B-39), eq. (F.14) can then be written as

dGE — Q*de" =0 - Gh = A4+ QMeT, (5.34)

A
with ¢ = (:;fl;f;) a vector of constant charges, associated with general RR background

fluxes. Again employing (B.39), eq. (5.13) translates in the following consistency condition

among the different parameters [B7):
Q' =0. (5.35)
Next we define the b + 1 combinations
Gsa = —(UTS_) 1G5 . (5.36)
Multiplying eq. (5.14) by UTS_ from the left, and recalling (B.3§), we get
dGss =0, (5.37)

which we choose to solve as
Gsa =d(Coa+CaB) , (5.38)

where the 2-forms Ch4 are new fields, B is the NS 2-form and (4 is a combination of the
scalars E T to be specified below. The 2-forms Cy4 will be dynamical fields of our eventual
4d action.

Let’s finally turn to gauge vectors. Here we choose to define fundamental vector
potentials with upper indices only, so we keep all the G? and dualize all the Gay, breaking

]

in this way the symplectic structure for the 2-forms G%. The components of (f.16) with
upper indices can be read as Bianchi identities for G4, while the dualization of the lower
components will provide the EoM for the associated vector potentials. First we look at the
Bianchi identities, which read:

dGg + (VTs_ Y & =0. (5.39)

Using (5-30) and (5.36), we rewrite this as dG4 — (UV)ABG3p = 0. Taking (5.39) into
account, this last equation is solved introducing a set of vector potentials A‘f‘:

G = dA + (UV)AB(Cop + (BB) . (5.40)
We now fix the (4 introduced in (f.38). We choose
Ca= UTS_)ar€l, (5.41)
in such a way that the b™ + 1 two-forms

FA = G+ G4B = dA{ + (UV)ABCyp + miar B (5.42)
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contain vectors and 2-form potentials only (to obtain this expression recall also (f.3()
and (5.34)). Thus the F'4 are a set of field strengths for the vector potentials Af', modified
by the presence of the 2-forms B, éﬁ“, and generalize the field strengths (5.21]) to the case
of nonvanishing VI charges. These are the appropriate modified field strengths described
by the formalism of N = 2 supergravity with tensor multiplets®' [B3-B5, B7].

To summarize, the outcome of this paragraph is a set of fundamental degrees of freedom
EH, Caa and Afl, related to @]{, G3a and G4 as in (F-33), (p-3§) and (p.40). Furthermore
in (.49) we defined the proper modified field strengths for Af', and in (5.34) we expressed
G§ as a combination of scalars and charges. The charges have to satisty conditions ([5.39).

Equations of motion. We now establish the EoM associated with the identified funda-
mental 4d fields. For this purpose we study the projections of eqs. (5.13)—(p.17) which are
independent with respect to the ones considered in the above study of the Bianchi identities.
The EoM for the vector potentials Af* are obtained from the lower components of (5.14)
using the duality relation (F-10) to eliminate Goy4, recalling expressions (5.30), (5:33) as
well as the definition of F4 in (549), and noticing that Goa = erra + Ca. The result is:

d(ImNap * FP + ReNapFP + Cou — erraB) = 0. (5.43)

Next we find an expression for the Gf' defined in (F.31). Multiplying relation (5.13)
by UTS_ from the left, substituting (5.39) in it and recalling (B-35), (F.30) as well as the
expressions for G, G} and (4 obtained in the study of the Bianchi identities, we arrive at:

G = —ATMB [ dCop + Cp * dB + 2 (UTM) g1 d€'] (5.44)
where we introduced the symmetric matrix [B7]:
Aup =2 UT) My UY, . (5.45)

In order to get the EoM associated with Cay4, we start acting with U from the left on
eq. (p.19) and exploiting (b.10) in order to eliminate Goa. After some steps involving the
expressions arising from the Bianchi identites, we obtain

dG{ + dAL + (UV)AP [ImNpe * FC + ReNpeFC + Cop — errpB] = 0, (5.46)

where G4 should be read as (5.44).
The EoM for the scalars £ ! are obtained substituting (5:32) in (F.1§) and lowering the
symplectic index with S_:

—d[e** My  (d€I+U? G +dB A [(S_U)1aG+(S_dE)i] e (S_QN)a G4 ¥ 1=0, (5.47)

21 Notice that one could also express the Con by introducing a redundant set of 2b™ + 2 two-forms C’% =

I - ~
(c”C;I) and writing, in analogy with (), Coa = —(UTS_)a1C5 = Chera — Carm’y. Then, recalling ([5.30),
eq. () would become Fy' = dA + Clps — C’gquA + mQRB. However the only propagating degrees of
freedom would be just the combinations of C’QI and Car associated with Caa [@, @] Analogously, as in

I ~
subsection @ we could introduce a symplectic vector of 2b~ + 2 scalars &' = ('5- ) such that €' = POHJ§J.
~ ~ éI ~
Then the result of ) would read: G{;‘ = mﬁR +§Ip}4 —§1qIA and Goa = erra —erIA —l—{zmﬁ,. However,

in these expressions the only relevant combinations of the ¢! correspond to the fA L
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where again expression (5.44) for G{' should be substituted. Once this is done,?? the piece
of (5-47) associated with a kinetic term for the &' reads —d(Ayy * d¢?), with [B7):

Ay = ¥ (M — 2MUATUTM) ;. (5.48)

Finally, we rewrite the EoM for the four dimensional B-field given in (f.19) substituting
the expressions for the fundamental 4d fields. After some steps we arrive at:

1 1 ~ ~ .

§d(e_4¢ + dB)+mig (ImNap * FP +ReNypFB) —eppaF* - 548 'S_gdéT+d(CaGi) =0
(5.49)

4d action for the reduced RR sector. We can now reconstruct the action yielding

the EoM (5.43), (p.46), (F.47) and (F.49), respectively associated with the fields A{!, Coy,
¢! and B (for this last remind footnote [[§). We find:

Sglf){:/ { %IHL/\/'ABFA/\*FB—I-%RGNABFA/\FB—F%gmdgﬂ/\*dgj
My
L _14B, ;4 5
+ 5AT(dCoa + CadB) A #(dCop + (pdB)
+ (dCsp + CadB) A (2 ATTUTMYLdET + %dB AELS_ppde?
. 1~ . 1
HCya—erraB) A dA{‘+§(UV)ABCQB + gmﬁRB} —VRR * 1} . (5.50)

In order to derive the EoM, constraint (p.37) (written in the form Umggr + Verg = 0)
should be recalled. The RR contribution to the 4d scalar potential is defined as in (f.24):

el? AR B
VRR = _7G0 NapGy , (5.51)

but in the present general case expression (f.34) for G4 should be used. Using (B-31),
eq. (5-51)) can be derived from the geometric formula
ete
VRR = - (G, xG) (5.52)
Msg
where G := Gf;‘wA — Goaw? corresponds to the purely internal part of the RR field G,
expanded as in (5.4). This is a non-negative expression.

Notice that Vry effectively vanishes when integrating out the subset of the scalars E I
entering in the potential [B7]: indeed from the ¢LEoM (b.47) evaluated in a vacuum one
gets the condition G4 = 0.

The dimensionally reduced action (5.50) coincides with the one found in [B7] using
purely four dimensional N = 2 supergravity techniques. It contains topological as well as
mass terms for the 2-forms B and Cay4, with mass matrix:

M2 ( migrImMNmrr ngIm./\fﬁV
o\

UV)TImNmgr (OV)TImNUV (5.53)

22Taking into account the explicit expression for G7', one can see that the b* + 1 linear combinations
of the equations ([.47) obtained via multiplication by (U%), vanish identically, as it should be: we have
already exploited these combinations to write ()
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6. Discussion

Joining the results for the reduced NSNS and RR sectors, derived in sections [| and f re-
spectively, we get the complete bosonic action associated with N = 2 flux compactifications
of type ITA supergravity on SU(3) x SU(3) structures.

This N = 2 supergravity involves massive tensor multiplets, and is in agreement with
the one that ref. [B7 obtained starting from the Calabi-Yau 4d effective action, gauging
the Heisenberg algebra of quaternionic isometries and then dualizing a set of axions in
order to introduce the magnetic charges. In our approach to the reduction of the RR
sector we didn’t need to perform any a posteriori dualization of scalars: reducing the
RR EoM/Bianchi identities we identified and solved a set of 4d Bianchi identities already
encoding the appropriate degrees of freedom.

The application of the generalized geometry formalism allowed to derive a geometric
formula for the full 4d scalar potential ¥V = Vns + Vgrr, given by egs. (£29) and (5.59).
Expanding the pure spinors as well as the internal RR field strengths on the basis polyforms,
and integrating over the compact manifold, we recover the symplectically invariant scalar
potential of [B7]. The NSNS contribution to the potential is mirror symmetric under the
exchange ®; < ®_, while we expect the type IIB RR contribution still read as (p.59),
modulo the substitution GeVe» — G°dd,

Our expression for the potential is also relevant when considering N =2 — N =1
truncations, for instance induced by orientifold planes. Indeed one can get the N =1
scalar potential via a reformulation of the N = 2 potential in terms of the appropriate
N = 1 variables (in the context of generalized geometry these were first derived in [54]), in
the same way as the N = 1 superpotential and D-terms can be obtained from the Killing
prepotentials defining the N = 2 gaugings [[[5, B3, B1]. It should also be possible to derive
the expression for the N = 1 scalar potential including the effects of a non-trivial warp
factor, along the lines of [B]. Indeed our expression ([l.2(0), reformulating the internal
NSNS sector in terms of the generalized geometry data, can in principle be extended to
take the warping into account.

Concerning the basis forms defining the truncation, it would be interesting to start
from some well-characterized class of internal manifolds with SU(3) x SU(3) structure and
exhibit an explicit construction. In particular, it would be nice to find an example in which
the basis defining the truncation is provided by forms of mixed degree.

A better characterization of the expansion forms could also allow to conclude about
the consistency of the truncation, for instance checking whether the 4d solutions lift to 10d
solutions (see [[LJ] for a first example in this sense). In this context, in order to study the
10d Einstein equations it would be useful to dispose of a formula generalizing ([£.20) and
expressing the full Ricci tensor of the internal manifold, and not just its trace, in terms of
the SU(3) x SU(3) structure data.
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A. Conventions

A.1 Hodge dual

In the main text we deal with a Myy = My x Mg spacetime. Mg is a Riemannian manifold,
while My and My are Lorentzian manifolds with a mostly + signature metric: (—+---+).
Our definition of the Hodge dual on Mj is:

w(dx AL AN dtr) = g dT PN A (A.1)

(d —p)!

with €10 4 = \/W. In the main text the x* coordinates are associated with My, but
in (A1) and in the forthcoming ([A-J) they are generic for M. We recall that on a p-form
Ap:
sk Ay = ()PPt 4 (A.2)
where t = 0 if M, is Riemannian, and ¢ = 1 if My is Lorentzian.
If A, and B, are p— and ¢— forms respectively (p < q) we define

1
ApBy = — A B

g —p) L1t ooopig QTP N A d (A.3)

Then we have
Ap NxBy, = Ap By x 1, (A.4)

so that the kinetic term of a p-form potential A, can be written as —% [dAN=dA.
If Fp = Fy_; AN wy is a p-form living on Mg, while Fj,_j, lives on M, and wy, lives on
Mg, then the 10d Hodge dual splits into 4d and 6d Hodge duals as follows:

wFy, = (1)) w B A swy (A.5)
Recalling the definition of the involution X in eq. (R.5) we also deduce
S A Fp) = A Fp_p) A s\ (wp) - (A.6)

A.2 Gamma matrices, Spin(6) spinors and SU(3) structures

The Cliff(6) gamma matrices 4™ are all purely imaginary and hermitian. The six-
dimensional chirality matrix is defined as:

1
Y= aemnpqrs’ymnpqm ) (A7)
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and the following identity holds:

i_[%}

Y Vmy..my = W6m1...mkmk+1...m6’}’mk+1.--m6 . (AS)

If n4 is a Spin(6) spinor satisfying yn4 = 74, then we define its chiral conjugate as 7— = n}.
The bispinors introduced in the main text are better seen using the following Fierz
identity between two Spin(6) spinors v, x :

6
1
k=0 "

PpRx =

| =

Let’s now turn to the SU(3) structure conventions. We relate the different SU(3)-
invariant objects on Mg as follows:

Imn = Jmp[pn 5 (AlO)

T = Fiivman=04 172 0 Qo = — 0 i |11 72 - (A.11)

where 7+ are globally defined and nowhere vanishing chiral spinors, [ is the almost complex
structure (I2 = —1), J is the almost symplectic 2-form, and € is the (3,0)-form. .J and
satisfy J A Q =0, so that J is (1,1) with respect to I.

A useful decomposition of the chirality projectors on the basis of eigenstates

{ne, 7" s} is:

1+ 1 _
—5 = <77i771 + 57’”%771,:%) 172 (A.12)
Then one has:
Yml+ = —idmnY" N+ (A.13)
) 1
YmnTl+ = Z']mnn—i- + §anp’}’p7’l— (A14)
TYmnpt+ = ianpﬂ— + 31’J[mn’yp]77+ . (A.15)

Using the holomorphic projector P = %(1 — i¢I) we can introduce the gamma matrices
with holomorphic/antiholomorphic indices i,7 = 1,2, 3:

=P A" and A" := P A". (A.16)

From ([A.1J) and (A.10) we see that v'n, = 0. Instead v%; transforms in the 3 of SU(3).
With the conventions listed above, one also has:

1 1 o
W =SINT *1Evol6:6J/\J/\J:%Q/\Q, (A.17)

as well as, using ([A.9):

snr @nl = |lncl2e™™ , 8nrenl = —ilnfQ. (A.18)
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A.3 SU(3) x SU(3) structures and Spin(6) spinors

On the bispinors #9 = 8nL ®7]:2J (the Clifford map “/” was defined in (B.1()) one naturally
defines an action of 4%, 4™ from the left and of %2, ¥*2 from the right, where ~* (7%2) is
holomorphic with respect to the almost complex structure I (I2) associated with nt (n%).
Then the 6 annihilators of the pure spinor 553 are ?il and 1772, while #° is annihilated
by 7 i and ?"2. The conjugate gamma matrices act as creators. Applying the Clifford
map backwards, these facts can also be translated in the polyform picture. For the gamma
matrices, the dictionary is [R7]:

Y'AL = (deA £, ) At s Ay =% (da"A =g, )AL (A.19)

where A, is any even/odd polyform. Abusing of the notation, sometimes we write expres-
sions like ™ A4 and A4y ™, to be read as the Clifford map counter-image of (A.19).

A basis for the decomposition of A*T* under the SU(3) x SU(3) subgroup of O(6,6)
defined by the ‘lowest weight states’ ®Y can be built acting with creators [p4, 7, F:

)
PO ~2 Qx4
q)(l,yh ,711 @3_,72'2 ,72'1 (I)(l
0 A7 PO 22 1 B0 iz 3o (A.20)
AL PO Y1 B0 472 B0 iz
Y10 09 472
i
Each element of this ‘generalized diamond’ transforms in a definite representation (r,s) of
SU(3) x SU(3) . We call Uy, ¢ each of these subbundles of A®T™.

A basis for the decomposition under the SU(3) x SU(3) structure defined by the b-
transformed pure spinors &4 = e—bcI>9_L is obtained simply acting with e~® on the above
diamond (in the polyform picture).

One of the nice properties of the basis (JA.2() is the orthogonality of its elements in
the Mukai pairing: the only non-zero pairings are between elements in conjugate represen-
tations (r,s) and (T,s) of SU(3) x SU(3) .

The action of the operator *A can be easily evaluated using the Clifford map and
eq. (A9):

£ MAT = —inh . (A.21)
Thus the result of the action of *\ on each element of the diamond ([A.20) is just +i or —i.
The Mukai pairing (B.3) between two forms can instead be evaluated via:

)
(Ag, Co_p) = gtr(m,{ O5_1)volg . (A.22)

For instance, for pure spinors ¢4 = e_b<I>9E, with ®J built as bispinors, one finds

i Dy, Pu) = (DL, BL) = 8|Ini|*[n2|[*vols . (A.23)
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B. Type IIA action with fluxes

In this appendix we make explicit the compatibility of the system of democratic
EoM/Bianchi identities (with no localized sources) considered in section P| with the stan-
dard formulation of the type ITA action.?> In doing so, we reconsider an issue already
discussed in the literature [f, 7 concerning the expression for the Chern-Simons piece of
the action when NS and RR background fluxes are switched on. We derive a general form
of this Chern-Simons term by requiring consistency with the equations of motion.

In order to make contact with the standard formulation of (massive) type ITA super-
gravity, we need to break the democracy among the RR fields stated in section fl. Eliminat-
ing via the self-duality relations (2.§) the forms** Fg, Fy, Fig from egs. (R.6) and (2.9), we
are left with the following set of independent equations in terms of H, Fy, F5 and Fy only:

dH =0, (B.1)

dFy=0 , dFy—HFy=0 , dFy—HAF=0, (B.2)
d(e‘2¢*H)—F0A*F2—F2/\>|<F4—%F4/\F4:0, (B.3)
dxs Fo+ HA%Fy =0 ,  ds«xFy+HAF;=0. (B.4)

In a topologically trivial background (where no fluxes can be switched on), the Bianchi
identities (B.J]) and (B.3) are solved in terms of globally defined NS 2-form B and 1- and
3-form RR potentials C7 and Cj:

1
H=dB , Fy=const , Fy,=dC,+ BF, |, F4:d03—HA01+§B2F0.(B.5)

Now we can immediately check that the remaining equations (B.d) and (B.4) correspond
to the EoM for the potentials B,C; and C3 descending from the standard massive type
ITA (bosonic) action Stpa, with mass parameter Fy. Denoting Siia = Skinetic + Scs, we

have (see e.g. [B9)):

1 1 1
Skineticzi/ |:e_2¢<R*1+4d¢ A *xdo— §H A *H>—§(F0 NxFo+ Fo N+ Fy N+Fy) ,(B.G)
1 1 3 1 ops
Scs = ~2 BdC3dCs + gFoB dCs + %FOB (B.7)

(the A symbol is understood in Scg). Notice that the Fy = 0 limit yields the standard
massless type ITA action [pg.

Things become more subtle if one looks for general global solutions of the Bianchi
identities (B.1) and (B.J) on topologically non-trivial backgrounds, allowing for fluxes of
the NS and RR field-strengths. In this case the expressions in (B.5) are modified as follows

Z3The problem of writing a supergravity action in the presence of general D-branes is studied e.g. in [@,
@] These papers also discuss a possible background independent formulation.

24In this appendix all the forms are ten dimensional. Since there is no risk of confusion, we omit the hat
symbol over them.
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(Fy is still a constant parameter):

H=HY414dB,
Fy, = dCy + F' + BF, ,

1
F4:dC’g—H/\C’1+Ff+B/\F2ﬂ—|—§B2F0, (B.8)

where the forms labeled with ‘I’ are defined as the non-exact parts of the solutions, satis-
fying the conditions

HiFp=0 , dH'=0 , aFl=0 , dF'-H'AFl=0. (B.9)

The first condition holds because if Fy # 0, then the Bianchi identity dFy — HFy = 0
implies that H is exact and therefore H? = 0. In the expression (B.10) below we will
however keep both H! and Fj, also because the FyHf = 0 constraint can be invalidated
by the possible introduction of localized sources such as O6 planes,?® which modify the
Bianchi identity for F; (see for instance [57, B9, [, bg)).

We should now consider how the new expressions (B.§) for the field-strengths enter in
the type ITA action. While we can simply substitute such new expressions into the kinetic
terms (B.6)), the determination of the Chern-Simons action ([B.7) is more delicate. In [d]
a modified form of the Chern-Simons term was obtained by requiring consistency with
the structure of the expected 4d N = 2 gauged supergravity after compactification on a
Calabi-Yau three-fold, while in appendix A of [B7] it was deduced by properly modifying the
M-theory Chern-Simons term in order to accomodate for a 4-form flux, and then performing
the reduction to ten dimensions.

Here we propose a general expression for Sgg by imposing that the equations of motion
derived from the action still have the form (B.J), (B-4). We can see that this requirement
is satisfied if we preserve the form (B.§) for Skinetic, and modify the Chern-Simons term
as follows:

1
Scs = —- / {ogHﬂ (d03 + 2Ff) +B <d03 + Ff) (ng + Ff) + B2t (d03 + Ff)
4
+ ipspims o lpm (dc + Fﬂ) +ipBtEl ¢ 1pe (B.10)
S R T A R ) e I

This expression not only is in agreement with the ones given in [{], 7], but also extends
it to the case of non-vanishing Ff, which was not considered in those papers.

One can lastly verify that the field-strengths H, F5, 4, as well as the complete action
Stia, are invariant under the following globally defined gauge transformations involving the
k-form (infinitesimal) parameters Ag:

6B = dA, , 6C, = dhg—MFy , 6C3 = dAy — HAg— A(F + BFy) . (B.11)

The EoM (B.3), (B4) are of course gauge-invariant due to the invariance of the
field-strengths.

25In this case of course the action needs to be completed with the terms describing the couplings to the
localized sources.
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